We consider a mathematical model which describes the bilateral, frictionless contact between two elastic bodies. We will establish a variational formulation for the problem and prove the existence and uniqueness of the weak solution. We then study the asymptotic behavior when one dimension of the domain tends to zero. In which case, the uniqueness result of the solution for the limit problem are also proved.
Introduction
In this paper, we study a problem involving boundary conditions describing real phenomena such as contact and friction between two elastic bodies. The problem presented in this work is very frequent in applications. For instance the physical domains are defined such that the height is much smaller than the length. These are the assumptions of elasticity and Visco-elasticity of a tire. The model for the lassa hemorrhagic fever and the model of the groundwater owing within a leaky aquifer [1, 2] . Other applications are related to the mechanism of ball bearing. Scientific researches in mechanics are articulated around two main components: one devoted to the laws of behavior and the other on boundary conditions imposed on the body. Several works have been done on the mechanical contact with the various laws of behavior and various friction boundary conditions close to our problem, however these papers were restricted only to the results of existence and uniqueness of the weak solution under several assumptions. Let us mention for example the work by [12] in which the authors obtained the existence and uniqueness result by construction of an appropriate mapping which is shown to be a contraction on a Hilbert space. Other similar problems can be found in monographs such as [13] , and the literature quoted there. In the last few years, some research papers have been written dealing with both the asymptotic analysis of an incompressible fluid in a three-dimensional thin domain, when one dimension of the fluid domain tends to zero can be found in [7] [8] [9] [10] . The authors in [5] studied the asymptotic and numerical analysis for a unilateral contact problem with Coulomb's friction between an elastic body and a thin elastic soft layer. More recently, the asymptotic analysis of a dynamical problem of isothermal elasticity with non linear friction of Tresca type was studied in [6] . The asymptotic convergence of a dynamical problem of a non-isothermal linear elasticity with friction were studied in [16] . The numerical solutions of this type of problem are studied in e.g. [14, 15] . Furthermore, the authors in [3] have given a new hyperbolic function solutions for some nonlinear partial differential equation arising in mathematical physics. The goal of this paper is to study the asymptotic behavior of a boundary value problem in a three dimensional thin domain Ω ε with non linear friction of Tresca type. The novelty here consist in the fact that we study the contact between two bodies (
) and we assume that on the common part of the boundary there is no separation between the bodies during the process, that is, the contact is bilateral. The use of the small change of variable z= x 3 ε , transforms the initial problem posed in the domain Ω ε into a new problem posed on a fixed domain Ω = Ω 1 ∪ Ω 2 independent of the parameter ε. We prove some estimates on the displacement independent of the small parameter. The passage to the limit on ε, permits us to obtain the existence and uniqueness of the limit of a weak solution to the problem described in the abstract.
This article is organized as follows. In Section 2 we introduce some notations and preliminary. In Section 3 we describe the model and present its variational formulation. In Section 4 we find some estimates and prove convergence theorem by using several inequalities. Finally, we obtain all the properties of our original problem.
Notations and preliminaries
We denote by S 3 the space of second order symmetric tensors on R 3 and |.| the Euclidean norm on R 3 . Thus, for every u, v ∈ R 3 , u·v = u i v i , |v| = (v·v) 1/2 , and for every σ, τ ∈ S 3 , σ.τ = σ ij τ ij , |τ | = (τ, τ )
1/2 . Here and below, the indices i and j run between 1 and 3 and the summation convention over repeated indices is adopted.
Let Ω We shall use the notation
• The upper surface Γ ε l , l = 1, 2 being assumed to be fixed so:
• On Γ ε L l , l = 1, 2 the displacement is known and parallel to the ω-plane:
• We describe now the conditions on the common surface ω. We assume that the contact is bilateral, i.e.,
Therefore,
Consequently,
However, the tangential velocity is unknown and satisfies the Tresca boundary condition:
The steady-state transmission problem for the elastic bodies is given by the following mechanical problem.
Lemma 3.1 ( [11] ). The condition of Tresca (3.11) is equivalent to
be the solution of (3.1)-(3.11), then it checks the following variational problem
where
2 ) be the solution of (3.1)-(3.11) that is sufficiently regular. Multiplying equa-
ε , and we use Green's formula on each subdomain Ω ε l , l = 1, 2, we get
(3.14)
According to the boundary conditions (3.5) -(3.10), we find
Using (3.12) we deduce directly the variational inequality (3.13).
The existence and uniqueness results of the weak solution to the problem (3.1)-(3.11) is obtained in the following theorem.
On the other hand, J ε is a convex and continuous functional on V ε . Then the existence and uniqueness of (u ε 1 , u ε 2 ) in V ε satisfying the variational inequality (3.13).
The problem in a fixed domain
This section is devoted to the study of a priori estimates on the displacement u ε = (u ε 1 , u ε 2 ), solution of our variational problem. For the asymptotic analysis of problem (3.1)-(3.11), we use the approach which consist in transposing the problem initially posed in the domain Ω ε l which depend on a small parameter ε in an equivalent problem posed in the fixed domain Ω l which is independent of ε. For that, we introduce a small change of the variable z=
We denote by ∂Ω l =ω ∪Γ l ∪Γ L l , l = 1, 2 its boundary, then we define the following functions in Ω l
For the data of the problem (3.1)-(3.11), we suppose that they depend on ε in a following manner:
withf l ,k andĝ l independent of ε. The vector G ε l introduced in Section 2 will be defined as follows
Now we introduce the functional framework on Ω 1 ∪ Ω 2 . For this, we note
H z (Ω l ) , l = 1, 2, is a Banach space for the norm
With these new notations, the variational problem (3.13) is equivalent to the following problem:
where,Ĵ
and
In the next, we will obtain estimates onû
. These estimates will be useful in order to prove the convergence ofû ε toward the expected function. For this, we introduce some results which will be used in the next. The detailed description can be found in [8] .
then there exists a constant C > 0 independent of ε such that
2 ) be a solution to the problem (3.13), we deduce
(4.6) From Korn's inequality, there exists a constant C K > 0 independent of ε, such that
Similarly, using Hölder and Young inequalities, we get
and as 1≤i,j≤2 |d ij (v)| 2 ≤ |∇v| 2 and |div (v)| 2 ≤ |∇v| 2 , we obtain
The analogue of (4.8) gives:
Multiplying (4.11) by ε and for 0 < ε < 1, we see that:
with µ − = min (µ 1 , µ 2 ) , µ + = max (µ 1 , µ 2 ) and λ + = max (λ 1 , λ 2 ) . So
where,
This completes the proof. 
Proof. The convergences of (5.1)-(5.5) are a direct result of inequalities (4.5).
Theorem 5.2. Under the same assumptions of Theorem 5.1, the solution (u 1 , u 2 ) satisfies
Proof. Using the convergence results of Theorem 5.1 in the variational inequality (4.4), and asĴ is convex and lower semi-continuous, we obtain
Utilising Green's formula, we deduce
Theorem 5.3. Under the assumptions of preceding theorems, we have the following inequality
11)
Also π l , s l satisfy the following:
Proof. The variational inequality (4.4) becomes
(Ω 2 ), where
Using Green's formula on each subdomain Ω ε l , l = 1, 2, we get
By (5.4), we deduce for
This inequality holds for all ψ l ∈ D(ω) 2 , l = 1, 2, and by the density of D(ω) in L(ω) we deduce
(5.13)
In the particular case for ψ 1 = ψ 2 = ±ψ, we find
which implies (5.9). From (5.9) and (5.13), we deduce directly the inequality (5.10). The proof of (5.11) are similar to those given in case of the problem of fluids (see. [4] ).
To prove (5.12), we integrate twice the first equation of (5.6) between 0 and z, and the second between z and 0, we obtain
then for z = h in the first equation of (5.14) and in the second z = −h, we find
By (5.9), we deduce Proof. Let (u 1 , u 2 ) and (v 1 , v 2 ) be the two solutions of the limit problem (5.4)-(5.5), then 
